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ABSTRACT
We show that any nonextremal black hole can be described by a Liouville
theory that lives on its very near horizon region. In classical Liouville theory, the
black hole corresponds to a field configuration that reproduces the Rindler metric.
In quantum Liouville theory, the black hole state in the CFT is created by the
puncture operator that gives rise to a conical singularity with a deficit angle of 2π.
This state is “heavy” with a nonnormalizable wave function in the minisuperpsace
approximation. Black hole entropy counts the number of ways the “heavy” black
hole state can be obtained by acting with a product of “light, quantum” operators
in the CFT. Black hole hair is described by the “background charge” in the CFT
but its physical nature is unclear.
∗ e–mail address: halyo@stanford.edu
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1. Introduction
Despite the considerable progress in our understanding of black holes, the origin
of nonextremal black hole entropy still remains mysterious. String theory can
successfully account for the entropy of extremal and near–extremal black holes by
using their BPS properties[1]; however the same methods cannot be applied to
black holes far from extremality. The correct theory quantum gravity, which may
or not be string theory in its different guises, is expected to explain the origin of
nonextremal black hole entropy. Unfortunately, at the moment, it is not clear that
we are close to such a deep and complete understanding of quantum gravity. In our
present state of ignorance, it may be fruitful to search for a quantum mechanical
description of nonextremal black holes and hope that this would provide important
clues for the correct formulation of quantum gravity.
Recently, it was shown that any nonextremal black hole can be described by
a state of a chiral, two dimensional conformal field theory (CFT) that lives in the
very near horizon region of the black hole[2]. The central charge of the CFT and
the conformal weight of the state that corresponds to the black hole are determined
by the dimensionless Rindler energy ER. Then, the Wald entropy of the black hole
is simply given by the Cardy formula. This method automatically applies to all
nonextremal space–times which have near horizon regions described by Rindler
space, including all nonextremal black holes and de Sitter space[3-8]. Moreover,
extremal black holes can also be described by horizon CFTs in a special near
horizon limit[9].
In this paper, we concretely realize the horizon CFT idea in terms of a Liou-
ville theory that lives in the very near horizon region of the black hole. In order to
investigate the near horizon physics of nonextremal black holes we dimensionally
reduce the Einstein–Hilbert action near the horizon by integrating out the trans-
verse directions. The theory that arises from this procedure is two dimensional
dilaton gravity with a computable dilaton potential. In the conformal gauge, the
two dimensional metric is described by the only degree of freedom, i.e. the Liouville
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field. Thus, the near horizon physics is described by a coupled dilaton–Liouville
field theory. However, the constraint equations that arise from the stress–energy
tensor show that the dilaton is fixed near the horizon. As a result, the only re-
maining dynamical degree of freedom is the Liouville field. In fact, the action we
obtain is precisely that of Liouville theory that contains an exponential potential
proportional to the cosmological constant and a linear coupling to the curvature
scalar.
In classical Liouville theory, the black hole is described by the field configura-
tion that reproduces the Rindler metric. This is not surprising since the very near
horizon region of the black hole where Liouville theory lives is Rindler space. The
solution we consider is the holomorphic half of the most general solution which also
has a nonholomorphic part. We argue that the nonholomorphic part describes the
past directed Killing horizon and is not physical. This leads to a chiral Liouville
theory just like horizon CFTs. We then compute the central charge of the theory
and the conformal weight of the solution and show that they precisely match those
expected from horizon CFTs. As a result, using the Cardy formula, this solution
correctly reproduces the black hole entropy.
In quantum Liouville theory, the black hole state is created from the Liouville
vacuum by the puncture operator with vanishing momentum. This operator in-
troduces a delta function singularity in the curvature scalar. The black hole CFT
state is “heavy” with a conformal weight that diverges in the classical limit. We
argue that the same state can be created by a product of “light” or “quantum”
operators that vanish in the classical limit. Each such product that is compati-
ble with the “heavy” CFT state corresponds to a black hole microstate. There
are eS different products of “quantum” operators, where S is given by the Cardy
formula. The fully quantum states of the black hole are given by the different
linear superpositions of these microstates. In the minisuperspace approximation
to Liouville theory, the black hole wave function has vanishing momentum and is
nonnormalizable. Such states are local and microscopic, and play an important
role in Liouville theory.
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This paper is organized as follows. In the next section, we review the horizon
CFT description of nonextremal black holes. In section 3, we show that the very
near horizon region of a nonextremal black hole is described by Liouville theory.
In section 4, we describe nonextremal black holes in classical Liouville theory. The
quantum Liouville or the CFT description of black holes is given in section 5.
In section 6, we show that our results can be generalized to D > 4 in General
Relativity. Section 7 contains a discussion of our results and our conclusions.
2. Black Holes as Horizon CFTs
We begin by reviewing the horizon CFT description of nonextremal black
holes.
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It is well-known that the near horizon geometry of these black holes in
any theory of gravity is Rindler space. Consider a black hole with a generic metric
of the form
ds2 = −f(r) dt2 + f(r)−1dr2 + r2dΩ2D−2 , (1)
in D–dimensions. The black hole radius, rh, is determined by f(rh) = 0. If in
addition, f ′(rh) 6= 0, the black hole is nonextremal and the near horizon geometry
is described by Rindler space. Near the horizon, r = rh + y with y << rh, which
leads to the near horizon metric
ds2 = −f ′(rh)y dt2 + (f ′(rh)y)−1dy2 + r2hdΩ2D−2 . (2)
In terms of the proper radial distance, ρ, defined by dρ = dy/
√
f ′(rh)y and the
dimensionless Euclidean Rindler time τ = i(f ′(rh)/2) t, the near horizon metric
becomes
2
ds2 = ρ2dτ2 + dρ2 + r2hdΩ
2
D−2 , (3)
where the Rindler space, i.e. the metric in the τ–ρ directions naively looks like the
flat metric in polar coordinates.
1 For previous work on CFTs that describe black holes see refs. [10-22].
2 In the following all metrics will be in the Euclidean signature.
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The dimensionless Rindler energy ER conjugate to τ is obtained from the
Poisson bracket[3]
3
i = {ER, τ} =
(
∂ER
∂M
∂τ
∂t
− ∂ER
∂t
∂τ
∂M
)
, (4)
where M is the mass of the black hole conjugate to t. For classical black holes this
leads to
dER =
2
f ′(rh)
dM . (5)
Using the definition of Hawking temperature, TH = f
′(rh)/4π, we find that the
black hole entropy is given by S = 2πER. This procedure can be used for all
nonextremal black objects in any theory of gravity[4-8]. In fact, it can be shown
that ER, which is a holographic quantity that can be obtained from a surface
integral over the horizon[23], is exactly Wald’s Noether charge Q[25] and therefore
the Wald entropy of any nonextremal black hole is given by[24]
SWald = 2πQ = 2πER . (6)
In ref. [2], it was shown that any nonextremal black hole can be described by
a state of a D = 2 chiral CFT that lives in its very near horizon region. More
specifically, the near horizon region of a nonextremal black hole is described by
Rindler space with the metric in eq. (3), the dimensionless Rindler temperature
TR = 1/2π and the dimensionless Rindler energy ER. The physics in this region is
described by a D = 2 CFT since, in the vicinity of the origin of Rindler space, all
dimensionful parameters are negligible and the transverse (to τ and ρ) directions
decouple[10,11,20,26]. The horizon CFT is chiral since the Rindler metric in eq.
(3) has only one U(1) isometry which gets enhanced to a Virasoro algebra in the
near horizon region. Therefore, we identify Rindler space with a chiral CFT with
3 The i on the left–hand side is due to the Euclidean signature for time.
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L0 = ER. We also demand that the dimensionless Rindler temperature TR = 1/2π
be equal to the dimensionless CFT temperature, TCFT , defined as
TCFT =
1
π
√
6L′0
c
, (7)
where L′0 is the conformal weight of a state in Rindler space. Since (Euclidean)
Rindler space is obtained from the Euclidean plane by an exponential coordinate
transformation, L′0 is shifted relative to the conformal weights of states on the
plane[2].
The entropy of the CFT state is given by the Cardy formula[27]
S =
π2
3
cTCFT . (8)
or equivalently by
S = 2π
√
cL′0
6
. (9)
Setting TR = TCFT = 1/2π we find that this shift in the conformal weights is
−c/24 and thus L′0 = L0 − c/24. As a result, the CFT state that describes the
black hole satisfies[2]
2L′0 =
c
12
= ER . (10)
Substituting these values into the Cardy formula gives the correct Wald entropy
in eq. (6). Therefore, we can identify a nonextremal black hole with a D = 2 CFT
state that lives near the horizon and satisfies eq. (10).
The Cardy formula is only valid asymptotically for L′0 >> c whereas for the
CFT black hole state L′0 = c/24. This problem is usually solved by invoking
fractionation, i.e. by assuming that there are twisted sectors of the CFT[28]. The
dominant contribution to entropy comes from the most highly twisted sector with
a twist of ER. Due to the twist, the central charge of the CFT and the conformal
weight of the state become c = 12 and L′0 = E
2
R/2 respectively. Now, the Cardy
5
formula can safely be applied since L′0 >> c, and leads to the correct black hole
entropy.
3. Very Near Horizon Physics and Liouville Theory
In the previous section, we argued that the very near horizon region of a nonex-
tremal black hole is described by a CFT on Rindler space in the τ − ρ directions.
In this section, we investigate the physics of this region and show that the horizon
CFT described in the previous section is Liouville theory which is a theory of two
dimensional quantum gravity.
4
The (Euclidean) Einstein–Hilbert action for gravity in D = 4 is given by
5
IEH =
1
16πG4
∫
d4x
√
gR(g) , (11)
where gµν is the four dimensional metric. In order to dimensionally reduce this
theory to one that lives in the t− r directions we use the ansatz
ds2 = gabdx
adxb + Φ2dΩ22 , (12)
where gab is the two dimensional metric and Φ(xa) is the field that parametrizes
the radial direction. In the neighborhood of any D = 4 nonextremal black hole
with finite horizon radius rh, we can dimensionally reduce the action by replacing
Φ2 → r2hΦ2 in eq. (12). In this case Φ(xa) becomes a dimensionless field that
parametrizes the radial deviation from the horizon. Note that Φ(rh) = 1 fixed on
or very near the horizon. Dimensionally reducing the theory by using the ansatz
4 This section is similar to ref. [29]. However, the details and the interpretation are quite
different since our starting point is the dimensionless Rindler space in eq. (3).
5 The generalization to higher dimensions is straightforward and is considered in section 6.
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in eq. (12), we obtain the two dimensional action
I =
r2h
4G4
∫
d2x
√
g
(
(2∇φ)2 + Φ2R(h) + 2) . (13)
We now define the dilaton field, η and rescale the metric by
η = Φ2 gab =
1√
η
hab , (14)
which leads to the two dimensional dilaton gravity action
I =
r2h
2G4
∫
d2x
√
h
(η
2
R(h) + V (η)
)
, (15)
where the dilaton potential is V (η) = 1/
√
η.
In two dimensions, we can always choose to work in the conformal gauge in
which the metric takes the form
hab = e
−2φδab , (16)
where φ is the Liouville field which captures the two dimensional geometry and
δab is the Euclidean flat metric. Using eq. (16) and the two dimensional curvature
scalar R = −2e−2ρ∂2φ, eq. (15) becomes the action for the dilaton–Liouville theory
that describes the physics near the black hole horizon
I =
r2h
2G4
∫
d2x
(
−∂aη∂aφ+ V (η)e−2φ
)
. (17)
Since Rindler space given by eq. (3) is flat, we can define complex coordinates
on the plane, z = X + iT and z¯ = X − iT , where the flat coordinates X and T are
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related to those in eq. (3) by X = ρcosτ and T = ρsinτ . In complex coordinates,
the equations of motions are given by
∂z∂z¯φ− V
′(η)
4
e−2φ = 0 ∂z∂z¯η +
V (η)
2
e−2ρ = 0 , (18)
whereas the constraints arising from the stress–energy tensor
Tzz = T11 + T22 + 2T12 = 0 Tz¯z¯ = T11 + T22 − 2T12 = 0 , (19)
become
∂z∂zη + 2∂zφ∂zη = 0 ∂z¯∂z¯η + 2∂z¯φ∂z¯η = 0 . (20)
The mixed component of the stress–energy tensor vanishes on–shell, i.e. Tzz¯ = 0,
which means that, at least classically, the theory described by eq. (17) is confor-
mally invariant.
The Euclidean Rindler metric which describes the geometry of the near horizon
region of any nonextremal black hole can be written in the conformal gauge by using
the complex coordinates u± = logρ± iτ (we remind that using the dimensionless
Rindler time is equivalent to setting the surface gravity κ = 1)
ds2 = exp(u+ + u−) du+du− , (21)
from which we can read the classical Liouville field configuration
φ = −1
2
(u+ + u−) = −logρ . (22)
We see that we can approach the horizon where φ → ∞ in two different ways:
either by u+ → −∞ or by u− → −∞. Nonextremal black holes have bifurcate
Killing horizons which contain future directed and past directed Killing horizons
which intersect over their event horizons. In the metric of eq. (21) the past and
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future directed horizons are located at u+ → −∞ and u− → −∞ respectively.
Since for a physical black hole there is only a future directed horizon, from now on
we take φ = φ(u+) and ignore the u− dependence of the Liouville field. As a result,
a physical nonextremal black hole is described by a chiral CFT. On the other hand,
an eternal black hole which has both a future and past directed horizon would be
described by a nonchiral CFT which depends on u− in addition to u+.
From the constraints in eq. (20) we find that
∂zη = exp(−2φ + χ) ∂z¯η = exp(−2φ+ χ¯) , (23)
where χ = χ(z¯) and χ¯ = χ¯(z). This means that the dilaton is constant near the
horizon where φ→∞. In fact, we know that η(rh) = Φ2(rh) = 1 on the horizon so
χ(z) = χ¯(z¯) = 0. We conclude that, near the horizon, η ceases to be a dynamical
field and can be set to ηh = 1. Therefore, the very near horizon region of the black
hole is described only by the Liouville field φ that satisfies
∂z∂z¯φ− V
′(ηh)
4
e−2φ = 0 , (24)
where V ′(ηh) = 1/2η
3/2
h .
Eq. (24) for the Liouville field can be obtained from the Liouville ac-
tion[30,31,32]
I = C
∫
d2x
√
h
(
1
2
hab∂aφ∂bφ+ φR(h) + µe
−2φ
)
, (25)
where µ = −V ′(ηh)/2 is the cosmological constant and hab = δab is the flat metric
in the z, z¯ coordinates. The term with the curvature scalar does not contribute to
the equation motion since Rindler space is flat. We will nevertheless keep it since
it contributes to the stress–energy tensor and therefore to the central charge of the
CFT.
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In the following, we fix the constant C in eq. (25) to be C = r2h/G4 = 2ER so
that it is consistent with eq. (15). The value of this constant is crucial since, as we
will see below, it fixes the central charge of the Liouville theory and the conformal
weight of the black hole state in the CFT.
The action in eq. (25) can be rewritten in terms of the rescaled Liouville field
φ→√2ERφ as6
I =
∫
d2x
√
h
(
1
2
hab∂aφ∂bφ+
1
b
φR(h) + µe−2bφ
)
, (26)
where b = 1/
√
2ER and a factor of b
2 has been absorbed in µ. Therefore, the
very near horizon physics of a nonextremal black hole is described by the Liouville
theory which is a well–known D = 2 CFT with a calculable central charge and
conformal weights.
4. Black Holes in Classical Liouville Theory
In this section, we describe the nonextremal black hole in classical Liouville
theory. We show that the black hole state is given by the classical Liouville field
configuration that corresponds to Rindler space. This is not surprising since we
found that both Rindler space and Liouville theory are descriptions of the black
hole in the very near horizon region.
The generic action of Liouville theory, which describes two dimensional quan-
tum gravity, is given by[30,31,32]
IL =
∫
d2x
√
h
(
hab∂aφ∂bφ+QφR + µe
−2bφ
)
, (27)
where the physical two dimensional metric in the conformal gauge is given by eq.
(16). This action arises from the two dimensional Einstein–Hilbert action with a
6 The near horizon region of a black hole was also described by a Liouville theory in ref. [11].
In that case the Liouville field was obtained by a field redefinition of the dilaton and did
not arise from the two–dimensional metric.
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cosmological constant µ in the conformal gauge given by eq. (16). The kinetic
term for φ arises from quantization after taking into account the transformation
of the path integral measure over metrics modulo diffeomorphisms. In our case,
we see from eq. (17) that the kinetic term is due to the mixing between φ and η.
The second term in eq. (27) arises from the coupling of the Liouville field to the
conformal anomaly whereas the last term is due to the cosmological constant µ.
In the conformal gauge, the Liouville action in eq. (27), is invariant under the
residual Weyl symmetry[31]
hab → e2αhab φ→ φ+ α
b
. (28)
Taking into account the rescaling φ → bφ in eq. (26), it is easy to see that
the physical metric gab is also invariant under eq. (28). The transformation of
the Liouville field shows that it is the Goldstone boson of the Weyl symmetry
which is spontaneously broken by the fiducial metric. Weyl symmetry is also
broken explicitly by the cosmological constant µ and anomalously by the conformal
anomaly. Under a conformal transformation z → w(z) the metric transforms as
hww¯ =
∣∣∣∣dwdz
∣∣∣∣
2
hzz¯ , (29)
which is just a Weyl transformation of the type in eq. (28) with[32]
α = log
∣∣∣∣dwdz
∣∣∣∣ . (30)
The Liouville field then transforms as
φ→ φ+ 1
b
log
∣∣∣∣dwdz
∣∣∣∣ . (31)
The primary fields of the CFT are e2aφ since
e2aφ →
∣∣∣∣dwdz
∣∣∣∣
2a/b
e2aφ , (32)
under Weyl transformations.
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It is easy to show that the classical Liouville theory described by eq. (27)
is conformally invariant for Q = 1/b[30,31,32].
7
(Classical in the present context
means that the theory has not been quantized as a path integral and the effects
of this quantization, i.e. the integration measure over metrics modulo diffeomor-
phisms has not been taken into account.) We note that this is exactly the value in
eq. (26), i.e. the action that describes the very near horizon geometry of nonex-
tremal black holes. Thus, we conclude that nonextremal black holes are described
by Liouville theory with b = 1/
√
2ER which is, at least classically, a CFT.
In the complex coordinates coordinates, u±, the equation of motion obtained
from the action in eq. (27) is
∂+∂−φ+QR + µe
−2bφ = 0 , (33)
where ∂± denote derivatives with respect to u
± respectively. The second term
vanishes since Rindler space is flat. The third term is negligible in the very near
horizon region where φ→∞. Thus, near the horizon, the Liouville field becomes a
free scalar that is given by the sum of holomorphic and anti–holomorphic functions
φ = φ1(u
+) + φ2(u
−) . (34)
This is a direct result of the fact that in the very near horizon region the exponential
term in eq. (33) is negligible. Away from this region, the Liouville field is not free
and there is a coupling between the holomorphic and anti–holomorphic parts. As
explained above, since we are interested only in the future directed horizon, we
neglect φ2 and the u
− dependence in eq. (34). The (holomorphic) stress energy
tensor of the theory in eq. (20) is (in the u+ coordinate)
T++ = ∂+φ∂+φ+Q∂+∂+φ , (35)
where we took the near horizon limit, φ → ∞ which eliminated the usual term
with the cosmological constant. u+ is related to the flat complex coordinate z on
7 We are using the usual notation, Q, for the coefficient of the R term in the Liouville action
which has no relation to Wald’s Noether charge in eq. (6).
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the plane by the exponential transformation z = eu
+
. Therefore, eq. (35) is related
to the (holomorphic) stress–energy tensor in the flat coordinates by
T (u)du2 = T (z)dz2 +
c
12
{z, u}dz2 , (36)
where
{z, u} = z
′′′
z′
− 3
2
(
z′′
z′
)2
, (37)
is the Schwartzian derivative of the mapping. The coordinate transformation from
z to u+ is exponential exactly like the transformation from the plane to the cylinder,
and thus we expect exactly the same shift in the stress–energy tensor.
Since u+ is periodic in the dimensionless Euclidean Rindler time direction, i.e.
τ = τ + 2π, we can Fourier expand T++ and obtain the components (for fixed ρ)
Ln =
1
2π
∫
dτe−inτT++(τ) . (38)
The OPEs of the Ln satisfy the classical Virasoro algebra with Poisson brackets[30]
i{Ln, Lm}PB = (n−m)Ln+m +
c
12
(n3 − n)δn+m,0 , (39)
where the classical central charge is computed to be c = 6Q2. We already found
that Q = 1/b =
√
2ER. Therefore, the central charge of the theory is c = 6Q
2 =
12ER, i.e. precisely the value required by the horizon CFT.
We now proceed to find the conformal weight, L′0, of the CFT state that
corresponds to the black hole. Since Liouville theory describes the near horizon
region of the black hole, we assume that the classical Liouville field is given by
eq. (22), i.e. it is the field configuration that corresponds to the two dimensional
Rindler metric. Taking the rescaling φ → bφ used in eq. (26) into account, the
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Liouville field solution becomes
φ = −
√
ER
2
(u+ + u−) . (40)
Using eq. (35) we find T++ = ER/2 = Q
2/4. Therefore, for the CFT state that
corresponds to the black hole, L′0 = ER/2 which is precisely the value required by
horizon CFTs. Note that we computed L′0 directly in the u
+ coordinate rather
than in the flat z coordinate and taking the shift in eq. (36) into account. In the
flat coordinates L0 = 0 and the shift is exactly ER/2 which gives the same result.
To summarize, we found that any D = 4 nonextremal black hole can be de-
scribed by a state in the two dimensional Liouville theory with central charge
c = 6Q2. Classically, the black hole state is described by the Liouville field con-
figuration that reproduces Rindler metric. This state has a conformal weight of
L′0 = Q
2/4. Using the Cardy formula in eq. (9), we find that this state has an
entropy of S = πQ2 = 2πER which is exactly the Wald entropy of the black hole.
We conclude that the above Liouville theory is a concrete realization of the horizon
CFT idea.
5. Black Holes in Quantum Liouville Theory
In this section we consider a nonextremal black hole in the quantum Liouville
theory. We obtain the CFT operator that creates the black hole state from the
vacuum and find the black hole wave function in the minisuperpsace approximation.
We begin by canonically quantizing the theory described by the action in eq. (27)
by Fourier expanding the field (in the coordinates of eq. (3))[31]
φ(τ, ρ) = φ0(ρ) +
∑
n6=0
i
n
(an(ρ)e
−inτ + bn(ρ)e
inτ ) , (41)
and canonical momentum (p = dφ/dτ)
p(τ, ρ) = p0(ρ) +
1
4π
∑
n6=0
(an(ρ)e
−inτ + bn(ρ)e
inτ ) , (42)
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in terms of the modes and creation and annihilation operators, where a−n = a
†
n
and b−n = b
†
n. Note that in eqs. (41) and (42) the roles of the spatial and time
directions are reversed compared to the usual conventions since in our case it is
the Euclidean time direction that is periodic. Imposing the commutation relations
[φ(τ, ρ), p(τ ′, ρ] = δ(τ − τ ′) , (43)
leads to
[φ0, p0] = i [an(ρ), bm(ρ)] = nδnm . (44)
If we substitute these into the stress–energy tensor in eq. (35) and demand that
T++ satisfy the Virasoro algebra and commute with T−− we are lead again to an
action of the type in eq. (27) in which the central charge and Q are modified
to[30,31]
c = 1 + 6Q2 Q =
1
b
+ b . (45)
Now, b2 can be taken to be proportional to h¯ that controls the quantum correc-
tions[31]. We already found that in the classical case 1/b =
√
2ER ∼
√
SBH and
therefore b << 1 for large black holes. As expected, the quantum corrections to
the classical Liouville theory are completely negligible for large black holes. Thus,
the results of the previous section continue to hold in the quantum case and the
black hole is described by a CFT state with L′0 = Q
2/4 = ER/2 in Liouville theory
with central charge c = 6Q2 = 12ER. We note that the entropy of the black hole
is inversely proportional to h¯ as required, i.e. SBH = πQ
2 = 2πER/h¯.
Since Liouville theory is a CFT, it would be instructive to find the operator that
creates the black hole state from the vacuum. This would constitute a quantum
description of the black hole or the quantum counterpart of the classical Liouville
field in eq. (40) that corresponds to the black hole. In quantum Liouville theory,
the primary states are created by the operators V (z0) = e
2aφ(z0) with dimension
15
ha = a(Q − a)[31,32]. The generalized momentum a and the conformal weight of
the state created by this operator are [31,32]
a =
Q
2
+ ip L′0 =
Q2
4
+ p2 . (46)
Since Q = 1/b =
√
2ER, the states with p = 0 have weight L
′
0 = Q
2/4 = ER/2
which, as we saw above, is precisely the weight of the the black hole CFT state.
Therefore, the black hole state in quantum Liouville theory is given by
|black hole >= eQφ|0 >L , (47)
where |0 >L is the Liouville vacuum.
At this point a number of comments are in order. First, contrary to the usual
CFTs, in Liouville theory there is not a one–to–one correspondence between op-
erators and states[30]. This is due to the fact that the SL(2, C) invariant vacuum
state, |0 >L, is not in the usual Hilbert space of the theory. However, the vac-
uum state can be created in a manner similar to a Hartle–Hawking state. It can
be obtained by a functional integral of the (minisuperpsace) wave function over a
space with boundary with the insertion of the identity operator. Then, the black
hole state in eq. (47) is obtained by a path integral over the same space with an
insertion of the operator eQφ. Thus, both the vacuum and the black hole state
exist in the Hartle–Hawking Hilbert space rather than the usual one for the CFT.
Second, the operator that creates the black hole state, eQφ, is the puncture
operator which creates a delta function singularity in the Ricci scalar[32]. More
precisely, the insertion of the operator e2aφ(z0) adds a term to the curvature scalar
of the form
√
hR(h) = 8π
a
Q
δ(z − z0) , (48)
where a = Q/2 for the black hole state. We see that the puncture operator creates
a point like singularity at z0 with half the curvature of a sphere. This is a conical
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singularity with a deficit angle of 4πa/Q = 2π. Using the definition of R and
taking into account of the rescaling by b, φ satisfies the equation
√
hR = − 8
Q
∂z∂z¯φ(z, z¯) , (49)
with the solution
φ(z, z¯) = −Q
2
log|(z − z0)|2 . (50)
Using the relation between the z, z¯ and u± coordinates, we conclude that the
quantum field φ(z, z¯) should be identified with the classical Liouville field in eq.
(40). The solutions in eqs. (40) and (50) match up to a shift of z0 which is the
point at which the puncture operator acts. Classically, z0 is the location of the
forward directed horizon. Thus the quantum field that corresponds to the puncture
operator should be identified with the classical Liouville field that describes Rindler
space.
Third, since b << 1 for a classical black hole, Q = 1/b and the black hole state
is given by
|black hole >= eφ/b|0 >L . (51)
This operator creates a “heavy state” with a conformal weight that diverges in
the classical limit, b → 0[31]. Its insertion contributes a delta function term to
the equations of motion. On the other hand, if we take into account the quantum
corrections, Q = b + 1/b and therefore the black hole state is created from the
vacuum by a product of two operators
|black hole >= ebφeφ/b|0 >L . (52)
Here, the first operator creates a “light state” with a finite conformal weight in
the classical limit, b→ 0. Insertion of this operator into the path integral does not
contribute to the equations of motion. Thus, the fully quantum black hole state is
given by a product of a “light” and “heavy” state in the classical limit.
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Finally, the CFT spectrum that consists of primary operators of the type e2aφ
with dimension ha = a(Q−a) is symmetric under the discrete symmetry a→ Q−a.
It is interesting that the black hole state that is created by the operator with
a = Q/2 is self symmetric or corresponds to the fixed point of this symmetry.
The quantum picture of the black hole that emerges is as follows. The black
hole state in the CFT is given by eq. (51) and describes a “heavy” state that
is “classical”. In the present context “classical” means that in the classical limit
b→ 0 the conformal weight of the state diverges. Now, this “heavy” state can be
built from a product of “quantum” or “light” operators e2nibφ with L0 = ni where
ni are integers. (These are “quantum” operators since they disappear, i.e. become
the identity, in the classical limit.) Each such product of “quantum” operators
(acting on the vacuum) describes a quantum microstate of the black hole. Thus,
we can write the black hole microstates as
|black hole microstate >=
6Q2∏
i=1
e2nibφ|0 >L , (53)
subject to the condition
6Q2∑
i=1
ni =
Q2
4
. (54)
Above, the index i runs over the different species of operators whose number is
given by the central charge, c = 6Q2. The number of microstates is eS where the
entropy S is given by the Cardy formula in eq. (9). It is mysterious that the
Liouville field which is a two dimensional (though strongly self–interacting) scalar
field can lead to such a large central charge corresponding to a large number of
degrees of freedom.
The black hole quantum state in the CFT is given by the superposition of all
the quantum microstates
|black hole >=
eS∑
j=1
αj |black hole microstate >j , (55)
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where αj are complex coefficients and the index j runs over all the microstates
whose number is eS . Eqs. (53)–(55) show the precise nature of the quantum black
hole microstates and how they make up a black hole. The entropy of the “heavy”
black hole state with weight Q2/4 arises from the different ways it can be built
from the “quantum” states with weights of order unity taking into account the
different degrees of freedom given by the central charge of the CFT.
An alternative, more geometrical description of the black hole is based on
the conical singularities created by the operators e2bniφ. We saw above that the
quantum black hole state is created by the puncture operator eQφ which gives rise
to a conical singularity with a deficit angle of 2π. Each operator e2bniφ creates
a conical singularity with an infinitesimal deficit angle of 4πbni/Q = 4πni/Q
2.
There are 6Q2 types of these singularities as determined by the central charge.
Thus, we can create the conical singularity associated with the black hole state
by the repeated application of these operators on the condition that the sum of
the deficit angles add up to 2π, i.e. 4πQ−2
∑
i ni = 2π. This is equivalent to the
condition in eq. (54) (up to a factor of 2). As a result, a black hole quantum
microstate consists of a collection of a very large number of infinitesimal conical
singularities that add up to a deficit angle of 2π. This picture is basically the
geometric description of eqs. (53) and (54).
Even though we are able to exactly compute the Wald entropy of a black hole
by using the Cardy formula in the Liouville CFT, the physical nature of the black
hole hair is, unfortunately, not so clear. The central charge that counts the number
of quantum black hole degrees of freedom is c = 1 + 6Q2 where 1 is the quantum
correction to the classical value 6Q2. In the Liouville Lagrangian, the parameter
Q appears in the term proportional to the curvature scalar which is necessary in
order to take the conformal anomaly into account. The classical Weyl symmetry
of the theory requires Q = 1/b. In the quantum theory, consistency of the CFT
determines the values for the central charge and Q as in eq. (45).
In a more physical picture of the CFT, the QφR term in the Lagrangian corre-
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sponds to an imaginary “background charge” of iQ at infinity[33]. The Lagrangian
of a scalar field in the presence of a “background charge” 4πq is
I =
∫
d2x
√
h
(
1
2
hab∂aφ∂bφ+ iqφR(h)
)
. (56)
The (holomorphic) stress–energy tensor and central charge derived from above
action are given by
Tzz = ∂zφ∂zφ+ iq∂z∂zφ c = 1− 6q2 . (57)
The free boson CFT has the shift symmetry, φ→ φ+ c which is broken by the
second term in eq. (56). The current and the charge associated with this symmetry
are defined as
j(z) = i∂zφ q =
1
2πi
∫
dzJ(z) . (58)
The charge q is conserved because it commutes with L0. A primary operator of
the form Va = e
2aφ carries a charge of a since [q, V ] = aV . In the presence of a
“background charge” of q, correlators such as < Va1Va2 . . . Van > are nonzero only
if
∑
i ai − 4πiq = 0. If we interpret q as a “background charge”, we see that the
correlators vanish unless the total charge of the system adds up to zero.
Comparing the above equations with eqs. (27), (33) and (45) we immediately
conclude that Liouville theory has an imaginary “background charge” of q = −iQ
at infinity. The neutrality condition for nonvanishing correlators now becomes∑
i ai = 4πQ[32]. The “background charge” created by the QφR term in the
Lagrangian can also be implemented by the operator e2Qφ acting at infinity. This
operator creates a conical singularity with a deficit angle of 4π. Then, the neutrality
condition simply states that, for nonvanishing correlators, the overall curvature has
to add up to zero since Rindler space is flat.
It is the “background charge” Q that is the origin of black hole hair. Due to
the strong coupling nature of Liouville theory it seems that it is not possible to find
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weakly coupled degrees of freedom that correspond to hair. In fact, even though
the central charge can be easily calculated from the OPE of the stress–energy
tensor with itself, a microscopic counting of c requires a better understanding of
the physics associated with the “background charge”. Needless to say, the origin
of black hole hair is a very important issue that requires further study.
We can also find the black hole wave function in the minisuperspace approxi-
mation in which we assume that the Liouville field is given by its zero mode, i.e.
it is only a function of space φ(τ, ρ) = φ0(ρ)[31]. In this case, the action becomes
S =
∫
dρ
(
1
2
φ˙2 − 2πµe−2bφ0
)
, (59)
where the dot denotes the spatial (ρ) derivative. The Hamiltonian obtained from
eq. (59) is
H0 =
1
2
p20 + 2πµe
−2bφ0 , (60)
where the momentum is p0 = φ˙. The theory is quantized by defining p0 = −id/dφ0.
It can be shown that the Schrodinger equation in minisuperspace is (usingH0 = L0)
H0ψp =
(
−1
2
d2
d2φ0
+ 2πµe−2bφ0
)
ψp = p
2ψp . (61)
Near the horizon the exponential term is negligible and we get the equation for a
free particle with momentum p
d2
d2φ0
ψp + p
2ψp = 0 . (62)
The solutions of eq. (62) with real p are delta function normalizable and called
nonlocal states. The solutions with imaginary p diverge for φ0 →∞ and therefore
are not normalizable. Nevertheless, these local states are not discarded since they
play an important role in Liouville theory.
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We already saw above that the black hole state created by the puncture oper-
ator has p = 0. Therefore, the black hole minisuperspace wave function is given
by
ψ0 = c+ dφ0 , (63)
where c and d are constants. It is interesting that the black hole wave function is
not normalizable; i.e. one of the states that one would naively discard. The wave
function in eq. (63) should be matched with the one from the region in which φ0
is finite and the exponential potential is not negligible. This wave function is the
solution to eq. (61) with p = 0 and is given by the modified Bessel function.
The p 6= 0 states are continuous deformations of the black hole state with
p = 0. Since Q = 1/b is a macroscopic quantity of O(
√
SBH) for p << Q, these
states have entropies that equal SBH up to very small corrections. Noting the CFT
states that describe Rindler space satisfy c = 24L′0, we conclude that these states
should correspond to deformations of Rindler space. One possibility is that the
states with p 6= 0 correspond to metrics of the form
ds2 = −(f ′(rh)y + ǫy2) dt2 + (f ′(rh)y + ǫy2)−1dy2 + r2hdΩ2D−2 , (64)
which is a one parameter deformation of the Rindler metric. For small values of
the parameter, i.e. ǫy << f ′(rh), the space is very close to Rindler space with
almost the same entropy.
We can consider Liouville theory that lives in the very near horizon region of
the black hole in two different ways. First, we can take it to be a pure CFT on
flat space with a fixed metric. In this case, the central charge is a free parameter.
In particular, it can be macroscopically large as above. However, the situation
is different when Liouville theory is considered to be a theory of two dimensional
quantum gravity with the dynamical metric hab = e
2bφδab. In this case, the con-
sistency of the theory requires that the total central charge, ctot, including the
contributions from the Liouville field, matter and ghosts, add up to zero[30,31,32].
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This is necessary for the unitarity of the theory which would otherwise be violated
due to the conformal anomaly given by
< T aa >=
ctot
12
R . (65)
In our case, Liouville theory has a macroscopic central charge c = 6Q2 ∼ ER ∼
SBH which cannot be canceled by the ghost contribution. However, we remind that,
classically, the theory strictly lives on Rindler space which is flat and therefore
R = 0. Thus, we expect the classical description of the black hole to be valid
even though the total central charge does not vanish. Quantum mechanically, the
left–hand side of eq. (65) is the expectation value for the black hole state. On
the right–hand side, the puncture operator introduces a delta function singularity
due to eq. (48). Therefore, R is zero everywhere except at the point where the
puncture operator acts, i.e. at the horizon. Clearly, whether this is sufficient for
the consistency of the quantum theory should be further investigated.
6. Generalization to Higher Dimensions
The formula for Wald entropy SWald = 2πER holds for any nonextremal black
hole in any theory of gravity. Above, we explicitly considered nonextremal black
holes in four dimensional General Relativity. We now show that our results can
easily be generalized to D > 4 dimensions[29]. In this paper, we do not attempt
to show that our results also hold in generalized theories of gravity even though
we expect that to be the case.
Consider the Einstein–Hilbert action in (Euclidean) D–dimensions
IEH =
1
16πGD
∫
dDx
√
gR . (66)
Since we will dimensionally reduce this D–dimensional theory by integrating out
the angular directions near the horizon of a nonextremal black hole with radius rh,
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we assume that the metric can be written as
ds2 = gabdx
adxb + Φ2r2hdΩ
2
(D−2) , (67)
where again gab is the two dimensional metric and Φ(xa) is the dimensionless field
that represents the deviation from rh along the radial direction. Integrating out
the angular directions we obtain the two dimensional action
I =
Ah
16πGD
∫
d2x
√
g[(D − 2)(D − 3)ΦD−4(∇Φ)2 + ΦD−2R(h) (68)
+ (D − 2)(D − 3)ΦD−4] ,
where Ah is the area of the horizon. Defining the rescaled field Ψ by
Ψ = CΦ(D−2)/2 =
√
(D − 3)
2(D − 2)Φ
(D−2)/2 , (69)
we get
I =
Ah
4πGD
∫
d2x
√
g[
1
2
(∇Ψ)2 + 1
4
(D − 2)
(D − 3)Ψ
2R (70)
+ (D − 2)(D − 3)C−2(D−4)/(D−2)Ψ2(D−4)/(D−2)] ,
where Ah/4πGD = 2ER. Defining the constants
a =
(D − 2)
(D − 3) b = (D − 2)(D − 3)
(
1
4C
)2(D−4)/(D−2)
, (71)
and redefining the dilaton and the metric as
Ψ2 = η gab =
1
a
√
η
hab , (72)
the kinetic term is eliminated and the action becomes
I = 2ER
∫
d2x
√
h
(
a
4
ηR +
b
a
η(D−6)/2(D−2)
)
. (73)
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Finally absorbing the constant a/2 into η by a rescaling we find
I = 2ER
∫
d2x
√
h
(
1
2
ηR+ V (η)
)
, (74)
where
V (η) =
b
a
(aη
2
)(D−6)/2(D−2)
. (75)
This action has the same form as the D = 4 action given by eq. (15) with a
dimension dependent dilaton potential. Thus, we can simply repeat the arguments
in section 3 and all our results carry over to D > 4 dimensions. We conclude that,
in General Relativity, nonextremal black holes in all dimensions are described by
classical Liouville theory as in section 4 or in quantum Liouville theory as in section
5.
7. Conclusions and Discussion
In this paper, we provided a concrete realization of the horizon CFT descrip-
tion of nonextremal black holes. We found that the very near horizon geometry of
black holes is described by Liouville theory with a calculable central charge. The
black hole state in this CFT has a conformal weight that exactly reproduces the
black hole entropy using the Cardy formula. More concretely, in classical Liouville
theory, the field configuration that corresponds to the black hole reproduces the
Rindler metric which describes the near horizon region. In quantum Liouville the-
ory, the black hole state is created from the CFT vacuum by the puncture operator
with zero momentum. The black hole state corresponds to a “heavy” CFT state
which can also be realized as a product of a large number of “light”, “quantum”
states. Each such product constitutes a quantum microstate of the black hole. The
Cardy formula simply counts the logarithm of the number of these microstates. In
the minisuperspace approximation, the black hole wave function is found to be
nonnormalizable and describes a local and microscopic state. Black hole hair is
described by the “background charge” of the Liouville theory that lives at infinity.
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Unfortunately, to the best oof our knowledge, the microscopic description of the
“background charge” in terms of weakly coupled degrees of freedom is not avail-
able. A better understanding of the “background charge” is clearly crucial for a
fundamental description of nonextremal black holes.
Liouville theory, which describes two dimensional quantum gravity, is closely
related to two dimensional string theory[35]. In our case, one can think of the
dilaton and Liouville fields as the macroscopic dimensions of a target space. In the
very near horizon region, the dilaton is fixed, which means the theory actually lives
on a one dimensional target space parametrized by the Liouville field. In addition,
the exponential term that is proportional to the cosmological constant and leads to
strong interactions in the world–sheet theory corresponds to a (massless) tachyon
condensate. However, as we argued above, this term is negligible in the very near
horizon region and does not affect the physics. On the world–sheet, the term
proportional to the curvature scalar corresponds to a linear (in the Liouville field
which is a now space–time direction) dilaton vacuum. Since the string world–sheet
lives on Rindler space which is flat this term vanishes as well. As a result, the string
world–sheet theory describes one free scalar (or dimension) which is the Liouville
field and another scalar which is not dynamical because it is fixed. Therefore, our
results can be interpreted in terms of two dimensional strings located in the the
very near horizon region of the black hole, i.e. the two dimensional Rindler space.
This is perhaps less surprising if we remember that in the very near horizon region
all transverse modes are decoupled[26] which should also apply to the transverse
oscillations of the string. It is important to make this description more precise in
order to describe nonextremal black holes in string theory.
There is another description of Rindler space in string theory that is based on
the large radius limit of two dimensional stringy black holes[34]. In this framework,
Rindler space is described solely by the lightest mode of a long string near the
horizon, i.e. the thermal scalar. It would be interesting to find out the relation
between our results and those in refs. [34].
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The description of black holes in terms of Liouville theory on their horizons
should also be able to reproduce Hawking radiation. In order to describe Hawk-
ing radiation, Liouville theory or the CFT must be coupled to outside degrees of
freedom. The most straightforward way to do this is to couple the stress–energy
tensor of the CFT to (outside) gravitons. The Liouville theory modes are at a finite
dimensionless Rindler temperature of TR = 1/2π so their abundance is determined
by the Boltzmann factor in a canonical ensemble. After a mode is emitted, black
hole entropy decreases by one bit which can be realized in Liouville theory by acting
on the black hole state in eq. (53) by the operator e−2bφ. It would be interesting
to see if these preliminary ideas can be used to reproduce the details of Hawking
radiation.
Finally, two dimensional quantum gravity or string theory can also be de-
scribed in terms of the matrix model which is a discretized description of random
surfaces[35]. In a particular double scaling limit, this model reproduces Liouville
theory which can be interpreted as criticality; i.e. that the more fundamental dis-
crete matrix model flows to the continuous Liouville theory in the critical region.
It seems that our results can be better understood and perhaps generalized us-
ing the matrix model. This would be similar to understanding the Ising model
from its CFT description at criticality. If criticality in this context corresponds to
horizons, perhaps away from criticality we would be able to discover the discrete,
fundamental building blocks of space–time.
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